Unlike regular stabilizations, we construct in the paper a specific feedback control system such that   u t decays exponentially with the designated decay rate, and that some non-trivial linear functionals of u decay exactly faster than   u t . The system contains a dynamic compensator with another state v in the feedback loop, and consists of two states u and v . This problem entirely differs from the one with static feedback scheme in which the system consists only of a single state u . To show the essential difference, some specific property of the spectral subspaces associated with our control system is studied.
Introduction
Stabilization problems for linear parabolic control systems have the history of more than three decades. Although some difficult problems are left unresolved, it seems that the study has reached a degree of maturity in a sense. The so-called dynamic compensators are introduced in the feedback loop to cope with the most difficult case such as the scheme of boundary observation/boundary input (see the literature, e.g., [1] [2] [3] [4] [5] [6] ). In [2] [3] [4] 6] , no Riesz basis is assumed, corresponding to the coefficient elliptic operators with complicated boundary operators (see (1) that the state   u t could be stabilized as t   . Then every linear functional of u also decays at least with the same decay rate. This is true in the case where the functional is unbounded and subordinate to L .
We then raise a question: can we find a nontrivial linear functional which decays faster than   u t ? The purpose of the paper is to construct a specific feedback control system such that   u t decays exponentially with the designated decay rate, and that some nontrivial linear functionals of   
is discussed in detail in Section 3, which turns out to be a new spectral feature of the control system, and has never appeared in the literature; this spectral property also justifies the relevance of our problem setting.
Let us begin with the characterization of the controlled plant. Let  denote a bounded domain in m  with the boundary  which consists of a finite number of
The closure of L is denoted as L . It is well known (see [7] ) that L has a compact resolvent   
and that the following estimates hold:
where the symbol  also denotes the 
is characterized by the fractional Sobolev spaces, since the Dirichlet boundary is continuously connected by the Robin boundary. Such a characterization is, however, neither essential nor necessary in our study. There is a set of generalized
Re
It is well known (see, e.g., page 285 of [8] ) that the set 
i kj for more details). Let 
where 
Similarly, the set   
Let us turn to the characterization of a dynamic compensator. Let 
, .
The equation with state v means a dynamic compensa-tor equipped with a set of outputs 
hold for every initial value and 0 t  , such that the decay of   u t is no longer improved. To achieve the non-standard decay (12) , introduce a new operator
and assume conditions in terms of f L . These conditions have never appeared in the literature. Note that conditions are posed on L for state stabilization.
The functional  , u t f may be regarded as a kind of output of the system. It is worthwhile to refer to our previous results on output stabilization [10] [11] [12] [13] : In [10] , the decay of outputs is discussed with lack of observability conditions, but the relationship of the decay between   u t and the outputs is unclear. In [11] [12] [13] , the problem is discussed, based on a different principle, i.e., a finitedimensional pole assignment theory with constraint. The controlled plants are, however, limited to those equipped with Riesz basis, and the actuators of the controlled plant, corresponding to our  , are restrictive, and must be subject to a strong constraint: The actuators have to be designed so that their spectral elements in each spectral subspace are orthogonal to the weights of the outputs at infinity. As we have seen, the controlled plants in the present paper do not necessarily allow a Riesz basis, although a somewhat stronger condition, i.e., complete observability, is assumed. An example of systems equipped with complete observability is illustrated in the end of Section 2.
The feedback law in (9) contains parameters: 0   is arbitrary, and, as we see later that the conditions on k  are much less restrictive than those in our preceding works above. In fact, k  only have to be designed, belonging to an infinite dimensional subspace of H .
Our main results consist of Theorem 4 in Section 2 and a series of assertions in Section 3 (Theorem 7, Propositions 8, and Theorem 9): The former is on the control law ensuring the non-standard decays (12) , and the latter on the relevance of the problem setting with Equation (8), which discusses a spectral property of the invariant subspaces in H H associated with the coefficient operator in (9) , that is, unlikeliness of a vector of the form,
in these subspaces. In Section 3, the spectrum of the coefficient operator is characterized (Theorem 9). To the best of the author's knowledge, the latter has never been discussed so far, and clarifies a new property of internal structures of control systems.
Decay Estimates of Solutions
To ensure well-posedness of our control system (8) , ,
where the overline denotes the complex conjugate. Before stating our first result, let us define the matrices i  ,
and
respectively. Then our first result is stated as follows: Theorem 1. 1) By assuming (14) , the operator equation
2) Assume further that 2) The condition: [14] ) is proven. As long as the author knows, this conjecture has not been proven so far.
Proof. The result is a version of the results in [2] [3] [4] [5] , so that we give here only an outline of the proof. 1) Expression (17) and uniqueness of X are examined in a straightforward manner.
2) Relation
Since rank i N   , we see that
and each k , we introduce a series of meromorphic functions
 by the recursion formula: (14) . These properties combined with Carleman's theorem [15, 16] imply that
Following [5] , we calculate the residue at each i  . Then, we see that 
The complete observability in (18) implies that i  u 0 for 1 i  . In view of (5) Proposition 2) . Equation (9) contains various parameters: 
There is a variety of choice of such an f . In fact, this is simply possible, e.g., by finding i R  such that
The integer R may be chosen arbitrarily large. The vectors k  will be determined in terms of the operator f L .
The state   , u t  in (9) satisfies the equation:
An assumption on these k  will be discussed later (see (28)). Then, it is immediately seen that
By the decay (22), we obtain the estimate:
for 0 t  . Here, Proof. 1) Suppose that there is a 0   such that
Thus we have, as a necessary condition, 
The same calculation as above immediately shows that
The integer k varies over a finite set of positive integers depending on  . 
Q.E.D. We now choose the actuators
The following proposition is just a simple version of the result in [17] .
Proposition 3. Let P be the projector defined by
 is a controllable one. Then we find
. 
The right-hand side of (29) 
. Thus the first estimate of (31) is derived from (33). The second estimate of (31) 
is clear by (25).
Finally we show that the first estimate of (31) is continuous relative to the coefficient parameters. In our problem, the following result holds:
In view of (32), the left half-plane:
. Let  be the counterclockwise circle:
In fact, we have the relation:
Recall that, for
, the (second) resolvent equation:
holds. Then we see that
The first term of the above left-hand side of (35) is the projector, corresponding to the eigenvalue  of ff L . Choose * k X  closer to k c , if necessary, so that
is contained in the half-plane:
is analytic inside and on  . Thus the second term of the left-hand side of (35) must be equal to 0. Let u be an eigenfunction of ff L , corresponding to the eigenvalue  . Then,
The right-hand side is, however, estimated as follows:
which is a contradiction. Therefore, the spectrum   Q.E.D.
Example. In (1), let us consider the case where  is a bounded interval
where
, and
Clearly T defines an isomorphism in H . Let us consider the case where  is of the third kind, i.e.,   0 ,
, a is unchanged; b and c are changed, respectively, to 0 and 
Spectral Property of the Coefficient Operator
We go back to the problem raised in Section 1:
Unlikeliness of a vector of the form   
where A is defined as
and n R  . In designing these parameters, they are generally influenced by small perturbations. It is thus implausible to assume that some Fourier coefficients of these parameters would be designed to be 0 : such conditions are very easily broken. Thus we may henceforth assume that 
The main results in this section are Theorem 7, Proposition 8, and Theorem 9 stated just below. The proof of these results will be given later.
Then, the above restriction on the K is removed: In fact, the integer K may be chosen arbitrarily large.
We hope to know more on   
In the following result, we characterize 
